Griffiths Quantum Mechanics 3e: Problem 2.19 Page 1 of 6

Problem 2.19

This problem is designed to guide you through a “proof” of Plancherel’s theorem, by starting with
the theory of ordinary Fourier series on a finite interval, and allowing that interval to expand to
infinity.

(a) Dirichlet’s theorem says that “any” function f(x) on the interval [—a, +a] can be expanded

as a Fourier series: -
. /NTT nwT
f(z) = E [an sin (T) + by, cos (T)} )

Show that this can be written equivalently as

What is ¢,, in terms of a, and b,?
(b) Show (by appropriate modification of Fourier’s trick) that

Cn = 1 +a f(x)e*m”/a dx
" 2q )

—a

(c¢) Eliminate n and ¢, in favor of the new variables k = (nw/a) and F (k) = /2/7 acy,. Show
that (a) and (b) now become

fl@) = —— i k) Ak (k) = —— / " e
Ver 7 Ver J_a ’

n=—oo
where Ak is the increment in k£ from one n to the next.

(d) Take the limit @ — oo to obtain Plancherel’s theorem. Comment: In view of their quite
different origins, it is surprising (and delightful) that the two formulas—one for F'(k) in
terms of f(x), the other for f(z) in terms of F'(k)—have such a similar structure in the
limit @ — oo.

Solution
Part (a)
Suppose there’s a function f(x) defined on —a < x < a that has a convergent Fourier series

expansion.
nwx

a

o o
. nww
flx)=0bo+ E 1ansmT + E 1bncos
n= n=

This infinite series is the 2a-periodic extension of f(z) to the whole line.
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To determine by, integrate both sides of equation (1) with respect to x from —a to a.
f(x)dx:/ (bo—i—Zansm—FZb cos)dm
—bo/ d:U—i—anZ/ sm—daH-b Z/ cos—dw

R,_/ _,_/
=2a =0 =0
= bo(2a)

Solve for by.

zla/Zf(x)dm

To determine b,,, multiply both sides of equation (1) by cos(mmz/a), where m is another integer,

o o0
mnx mnx . nTT mnx nwx mnx
f(z)cos = by cos + E an sin —— cos + E b,, cos —— cos
a a a a a

n=1 n=1

and then integrate both sides with respect to x from —a to a.
" f)cos " g / b +Z +Zb a
x) cos xr = cos ap sin L cos - cos 7 cos x
—a a L\ " a
nmx mnx
f () cos

a a
mmnx nwT mmnx
T dr = by cos dac + g an sin —— cos dx + E b,
—a a —a a —a a
n=1

COS —— COS
ﬁ,_/
=0

dzx

Il
o

= admn

#(z) cos ? dz = by(a)

Solve for b,.

1 a
by, = — f(x)cos "2 da
a)_, a

To determine a,,, multiply both sides of equation (1) by sin(mmz/a), where m is another integer,

o0 o0
. mmx . mmT nTr . MTT nTr . MTT
f(z)sin —— =bgsin —— + » a,sin — sin + E by, cos —— sin ——
a a a a
n=1 n=1

and then integrate both sides with respect to x from —a to a.

f(zx)sin Y o = / (bo sin
—a a —a

“ mnx nmx nwTr . mmnx
in ——dx = b T M sin 0 g by ——sin ——d
y f(z)sin a x 0 / sm T+ Z an / sin s1n T+ Z / cos sin a T

—a
~\~

=0 :a(smn =0

a a a

(o)
. mrwx nTr . MmrT
+ E an s1n —_— sm + E by, cos —— sin dx

n=1
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Solve for a,.
1 [ nmT

n — in—d
a 7af( x) sin b

a

Fuler’s formula relates the complex exponential function to sine and cosine.

e”” =cosz+isinz

Take the complex conjugate of both sides.
—1iz

e =cosz —1sinz

Solving this system of equations for sine and cosine gives

ez‘z 4 6—2',2

COS z — f
) ez _ =iz
sSin z = T

Substitute these formulas into the Fourier series for f(z).

f(z) = f:o [ansin (nZ ) + by, cos (mrac)}

a
n=

> . nmwx nmwx
:b0+Z[ansm( )+b cos( )}

fo— a a

o0 intx/a _ ,—inTz/a inTx/a —inmx/a

e e e +e

=b b

oo
NSS

n=1

_ bO + Z b _ zan) inTx/a + Z b +zan) —inmz/a

ai+b£ einﬂ:p/a+ _7_’_ bn 7zn7r:v/a
27 2 27 2

1

2

; 1 .
(bn _ ian)emﬂ'x/a + i(bn + ian)e—znﬂ'x/a:|

)

f( )sinmda;>

a

[i/a fla )(cosnf:m+zsinn7) dx]

—
These coeffients are
%(b — iay,) %(bn + ian)
;( / f(z cos—da:—a ﬂlf( )smdm) ;(i C;f( )cosanx—i—a
% [1/af(a:) (cos?—isin?) daz} % )
3o [ S 5o [ S
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If we set ¢y = by and
1 a

Cp = % 7af(x)67in7rx/adx’
then
1 ¢ intz/a
=5 [ Sl

and the Fourier series for f(z) becomes

=1 . 1 ‘
f(:E) = by + Z 5(bn _ ,L'an)emwm/a + Z E(bn + Z-an)e—zmrr/a

n=1 n=1

oo oo
=co+ § :cne'mﬂ':p/a + § :C_nef'mmv/a
n=1 n=1

oo
_ § : Cnemﬂ'az/a.

n=—oo

Part (b)

Start with the complex form of the Fourier series for f(x).

[e.e]

f(a:): Z Cneinmv/a

n=—oo

—imnz/a

To determine the coefficients ¢, multiply both sides by e , where m is another integer,

0o
f(x)e—immn/a _ Z Cneimr:p/ae—imwa:/a

n=—oo

and then integrate both sides with respect to x from —a to a.

f(x)e—imﬂa:/a dr = / Z Cnei’mrx/ae—imwac/a dz

A n=—00
0o

— Z cn /a ei(n—m)wz/a dz

n=—oo

If n £ m, then

/a ei(nfm)mv/a dr = - a ei(nfm)ﬂx/a

—a
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If n = m, then

/ ei(n—m)wm/a dr — / dr

= 2a.

What this means is that every term in the infinite series is zero except for one: the n = m term.

f( ) —immz/a dr = Z Cn/ i(n—m)mz/a dx
f(:r)e_i"”/“ dx = ¢, (2a)
Solve for ¢,.
Cp = f( ) —inmx/a dr.

Part (c)
Introduce the new variable F(n) = /2/7 acy,.

f( ) —innz/a dr

Cp =

Solve for F(n).
1

V/ 271' _a

Introduce the other variable k = n7/a so that

Py = [ fla)e e da

1
F(k ik g,
(k) = Jon wf( T)e x
Note that 1
Ak = kypoy — Ky = EDT_mm T

a a a
As a result, the complex Fourier series of f(z) becomes

00
E : Cnezrwrx/a

n=—oo

_ |:2 / —zmra:/a d$:| einﬂ'a}/a

n=—oo

1 ik ik
_ - d ikx
S [aa ] o]

_ \/12? i [\/12? /_Z f(x)e—ikx dx: ik <g)

k=—o00

o0

Z zkacAk,

ﬁ\
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Part (d)

In the limit as a — 0o, Ak becomes an infinitesimal quantity dk, and the sum turns into an
integral.

lim f(z) = \/12? / h F(k)e*® dk

Additionally, the integral in the boxed formula for F'(k) becomes improper.

aliilgO F(k) = \/12? /OO f(z)e ™ dx
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